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■ Abstract 

O; 

| /' | , The crossing number of a graph G is the minimum number of pairwise intersections 

. of edges in a drawing of G. In this paper, we study the crossing numbers of K m x P n 

(N ■ 

and R m x C n . 
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1 Introduction and preliminaries 



Let G be a graph, V(G) the vertex set and E(G) the edge set. The crossing number 
of G, denoted by cr(G), is the smallest number of pairwise crossings of edges among all 



drawings of G in the plane. We use D to denote a drawing of a graph G and v(D) the 
number of crossings in D. It is clear that cr(G) < v{D). 



Let E\ and be two disjoint subsets of an edge set E. The number of the crossings 
formed by an edge in E\ and another edge in E2 is denoted by ud(Ei, E2) in a drawing 



D. The number of the crossings that involve a pair of edges in E± is denoted by vd{E\). 
Then v{D) = f£,{E). By counting the numbers of crossings in E, we have 

Lemma 1.1. v D (E 1 UE 2 ) = v D (Ex) + v D (E 2 ) + v D (E u E 2 ). 

The Kronecker product G x H of graphs G and -ff has vertex set V(G x H) = V(G) x 
and edge set E(G x H) = {{{a, x), (6, y)} : {a, 6} € £(G) and {x,y} G £(#)}. 
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(The product is also known as direct product, cardinal product, cross product and graph 
conjunction.) 

Computing the crossing number of graphs is a complicated yet classical problem. And 
it is proved that the problem is NP-complete by Garey and Johnson Q|. 

In literature, the Cartesian product has been paid more attention [ll. Isjjicl] . while Kro- 
necker product has fewer results on the crossing number 

In this paper, we study the crossing numbers of the Kronecker product K m x P n and 
K m x C n . In Section 2, we give an upper bound of cr(K m x P n ) for n > 4 and m > 4. In 
Section 3, we give an upper bound of cr(K m x C n ) for n > 3 and m > 4. In Section 4, we 
give lower bounds of cr(K m x P n ) and cr(K m x C n ). 



2 Upper bound of cr(K m x P n ) 

Let 

V{K m x P n ) = | < i < m - 1 and < j < n - 1}, 

E(K m x P n ) = (i 2 ,j + 1)) | < i x + i 2 < m - 1 and < j < n - 2}, 

where the first subscript is modulo m. 
For < j < n - 2, let 

E j = {((k,j), (i 2 , j + 1)) | < h + i 2 < m - 1}. 

Then 

U"=o ^ j = E ( K m x Pn), En n = 0(0 < j x + j 2 < n - 2). 

In Figure 12. 1| we exhibit drawings D m ^ of K m x P4 in a cylinder for m < 10. A 
cylinder can be 'assembled' from a polygon by identifying one pair of opposite sides of a 
rect angle Qj. 

By counting the numbers of crossings in Drn^ni wc* have 
Lemma 2.1. For n > 4, 



(n-l)m(m-l)(m-2)(m-3) _ m(m-3)(m^+6m-31) ?n > 5 

(n-l)m(m-l)(m-2)(m-3) _ m(m-4)(m^+10m-48) m > 4> 
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Figure 2.1: Drawings D m ^ for to < 10 

Proof. Since vr> m n (E J1 , E J2 ) = for < j\ 7^ 32 < n — 2, by Lemma ll.ll we have 
KA^n) = E?=o = 2^D m ,„(^°) + (n - S)^^ 1 ). For m > 4, 

(^) = "» Er=o 3 ELo < = m(m ' 1)(m 6 ~ 2)(m " 3) • 
For odd m > 5, 

"A^OT = ^JE 1 ) -mYS^i- 1) = m(m " 1K T 2)(m " 3) " m(m " 3)( " 4 8 +6m ' 31) - 
For even m > 4, 

„„ fp(h _ /cil\ ™ V^T /"^ 1 1 ^ — m(m-l)(m-2)(m-3) m(m-4)(m 2 +10-m-48) 



Hence, 



u(D m>n ) = 2u Dm jE°) + (n- 3)u Dm jE l ) 



(n-l)m(m-l)(m-2)(m-3) _ m(m-3)(m 2 +6m-31) ^ m > 5 

(n-l)m(m-l)(m-2)( m -3) _ m(m-4)(m 2 ^+10m-48) for evgn m > 4 



□ 



It is easy to verify that cr(K m x P n ) = for m = 1,2, 3. (See Figure l27lj) . For m > 4, 
by Lemma |2. II we have 
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Theorem 2.1. For n > 4, 

(n— l)m(m— l)(m— 2)(m— 3) m(m— 3) (m 2 +6m— 31) 



(n— l)m(m— l)(m— 2)(m— 3) m(m— 4) (m 2 +10m— 48) 



/or odd m > 5, 
/or even m > 4. 



cr(if m x P n ) < 

We will discuss the crossing number of K m x P n for n = 2, 3 in another paper 



3 Upper bound of cr(K m x C n ) 

It is easy to verify that cr(K m x C n ) = for m = 1, 2. (See Figure l3TTj) . For m = 3, 
K 3 x C n =S C 3 x C n , By fl, cr(if 3 x C 3 ) = 3, cr(K 3 x C„) < 6n - 18 for 3 < n < 9 and 
cr(K 3 x C n ) < 3n for n > 9. In this paper, we only consider the case for m > 4. 



0,0 0,2 0,1 , , 0,0 1,1 0,2 1,3 




D± t 2 1 1 -^1,4 1 1 -^2,3 1 1 -^2,4 



Figure 3.1: Drawings D m>n for (m,n) € {(1, 3), (1, 4), (2, 3), (2, 4)} 



Let 

F(K m xC„)= {(i,j) | < i < m - 1,0 <j < n - 1}, 

E(K m x C n ) = {((*!, j), (t 3 , j + 1)) | < ti + i 2 < m - 1,0 < i < n - 1}, 

where the first subscript is modulo m and the second subscript is modulo n. 

For <j < n- 1, let 

= {(ij) | o < t < m-1}, 
^ = {((ii,i), (i 2 , J + 1)) I < h ^ i 2 < m - 1}. 



Then 



U"=o & = E(K m x C n ), EP* £ j2 = 0(0 < ii ^ j 2 < n - 1) 



In Figure 13.21 we exhibit drawings D m ^ n of K m x C n in a cylinder for (m, n) £ 
{(4, 6), (5, 6), (4, 7), (5, 7), (6, 7), (7, 7)}. In Figure and El we exhibit drawings An,3 
for 4 < m < 7 and -D mj 5 for 6 < m < 11 respectively. 

In drawings D m>n , vertices (io,o,0), (ii,o, l),-" . (%-i,o,n- 1) ((z ,m-i,0), 1), • • • 

(in-l,m-ij n ~~ 1)) are placed equidistantly on the perimeter of the top (bottom) disk, ver- 
tices (ioj, 0), (iij, 1), • • • , {i n -i,ji n — 1) are placed equidistantly on the cylinder from top 
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Figure 3.2: Drawings D m<n for (m, n) 6 {(4, 6), (5, 6), (4, 7), (5, 7), (6, 7), (7, 7)} 



to down for j from 1 to m — 2, edges of E 3 are drawn on by shortest helical curves on the 
cylinder. For < j < n — 1, let f 3 = (f 3 (0), /•'(l), • • • , f 3 {m — 1)) be an arrangement of 
{0, 1, • ■ ■ ) m ~ 1} such that ij-i,t = ij,p(t) f° r all < t < m — 1, where j is modulo m. In 
drawings D m ^ n , iqj = t for < t < m — 1. 

For m > 4, let 

f^t) =m-l-t, < t < m - 1, 
/ 2 (0) =m-l, 

/ 2 (t) = m - l - t + (-1)*, 1 < t < m - 2, 

/ 3 (t) = m - l - t - (-1)*, o < t < m - 1, 
If m > 4 and even n > 4, / J = /i for < j < n — 1. 

If 3 < odd m < odd n, f J = fi for < j < m — 1, / J = f\ for m < j < n — 1. 
If 4 < even m < odd n — 1, / J = f^_. moc [ 2 for < j < m — 1, J- 5 = f\ for 
m < j < n — 1. 

For integer let inv(fi) be the inversion number in By counting the number of 
crossings in D m ^ n , we have 
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Lemma 3.1. // f = f h then u Dm J&) = (-)(-) - (EZ~ \( m ~ 1 " *)/«(*) +t(m-l- 
/,(*))- m«(/,)). 

By Lemma l3.lt we can S e t Lemmas 13.2113.51 



Lemma 3.2. I/p = / 1; Oen */ Dm>n (^) = )(*"-5) , 



Proof. 



VD m , n (&) = - E - 1 - i)(ro - 1 - 1) - t(m - 1 - (m - 1 - t))) - (?)) 

_ m(m— l)(m— 2)(3m— 5) 
~~ 12 • 

□ 



Lemma 3.3. ///■»' = / 2 and m is odd, then v Dm n (E^) = "^-i)(^-2)(3m-5) + m_i _ 



Proof. 



»D m , n {E j ) = - ((m - l) 2 + 2E t= 2 i ((m - 1 - 2t)(m - 2t) + 2t(2* - 1)) 

m — 3 

_( m _l + 2 ^ t J 1 2t)) 

m(m-l)(m-2)(3m-5) . m— 1 

~~ 12 1 S - • 

□ 



Lemma 3.4. ///J = / 2 and m *s e?;en, i/ien ^D m , n (^') = "^-i)(^-2)(3m-5) + rn_2_ 



Proof. 



"D m jE>) =&)(T)-(2(m-l) 2 + 2Z t =\ ((ro-l-2i)(ro-24) + 2i(2t-l)) 

m — 2 

>-l + 2Et= 2 i (2*-l))) 



m(m-l)(m-2)(3m-5) . m— 2 
12 "i" 2 • 



Lemma 3.5. If fi = and m is even, then VD m ^{E^) = m ( m i)("^2)(3m 5) _j_ ^ 



□ 



Proof. 



(?)(?)- (2 Et 

m(m-l)(m-2)(3m 



12 



2 l(( m 
51 + 2 



2t)(m - (24 - 1)) + (2t - 1)(2* - 2)) - 2Et= a i (2*)) 



□ 
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By Lemma 11.11 and Lemmas I3.2H3.51 we have 
Lemma 3.6. For m > 4 and even n > 4, v(D m>v ) = w ' m ( m ~ 1 )(™" 2 )( 3r)1 ~ 5 ) _ 
Lemma 3.7. For 4 < m < odd n, u(D m>n ) = "-™(™-i)(™-2)(3m-5) + m(m-il_ 

Now we consider the case of m > odd n > 3. Let r = LttJi s = m mod n, so = 
and s± = #. Let 



d ■ s ) = m - d ■ s - 2 + , < d < r - 1, 

t + d-s )=m-d-s -t-l- (-l) t+s i n >5, < t < s - 1, < d < r - 1, 
s ■ r) = s ■ r + s + r - 2 + , s > 2, 

t)=ro-t-l- (— l)'+ a l+»0""", s > 4, s • r + 1 < t < s • r + si - 1, 
so • r + si + d) = (d + l)s — 1, < d < r - 1, 

t) = m — t— 1 — ( — 1)' + S l+ T '+ S 0*'- I even s>4, so-r+st+r^i^so-r + s + r-2, 



so ■ r + r) — so ■ r + r, s — 1, 

So ■ V + si + r) — sq ■ r + s\ — 1; odd s > 3, 

so ■ r 4- si 4- r + 1) — so ■ r + si 4- r, odd s > 3, 

t)=m-t-l- (— l) t +*l + r + a O* r , odd s > 7, s 'r+si + r+ 2<i<s -r + s + r-2, 

so-r + s + r — 1) — so ■ r + si + - — ^ ^ , odd s > 5, 

m — (d + l)so) — so ■ r + si + d, < d < r — 1, 

t) = ro-t-l + (— i) t + r + s 0+ s <J , n > 5, m — d-s — s + l<t<m — d-so-2, < d < r 
m — d • s — 1) = d- s + 1-< ~ 1) - , n > 5, < d < r — 1. 

t) = f^it), 0<t<SQ>r-lorm-SQ'r<t<m-l, 
s 0' r ) — so-r + s + r — 1— - — ^"2"^ > s > 4, 

i) = m - i - 1 + (-l) s O' r + s l +t , s > 6, s ■ r + 1 < t < s ■ r + sx - 2, 

so ■ r + si — 1) — so ■ r + si — 1 , s > 2, 

so ' r + s l + d ) = ( d + !) s O -1, < d < r - 1, 

so ■ r + si + r) — so ■ r + si + r, s > 2 

t)=m-t-l- (-l)*+ s l+ T '+ s O-'- i s >6, so-r + si + r+ l<i<s -r+s + r-2, 
so-r + s + r— 1) — so-r + - — ^ ^ , s > 4. 

— /i(t), <- t <- SQ ■ r — lorm — so ■ r < £ < m — 1, 
s ' r ) ~ s O ' r ~f~ s + r — 1 , s > 1, 

t) — m — t — 1, s > 3, so-r+l^i^so-r + si — 1 + ■ 



-(-I) 3 



so • r + si + d+ 1 ( 2 1) ) = (d+ l)s - 1, < d < r - 1, 

t) = n» — t — 1, s > 2, s • r + si + r + < i < s • r + s + r - 1. 

i) — /4(f), < £ < sq ■ r — 1 or m — sq ■ r < i < m — 1, 
s ' r ) — s o ■ r 4- s + r — 1 , s > 3, 

t) = m — t — 1, s > 5, so ■ r + 1 < t < so - r 4- s 1 — 1, 
s • r + d + si) = (d + l)s - 1, < d < r - 1, 
r) — m — 1 — 1, so - r + si+r<t< so-r + s+ r — 1, 
m - (d + l)s ) = s • r + s ± + d + 1, < d < r - 1. 

t) = ro-t-l + (-l) t +r+ a o + a o d j m-d-s -so+l<i<m-d-so — 2, 0<d<r- 
m - d • s - 1) = d ■ s + , < d < r - 1. 

t) = H{t), < t < s ■ r - 1, 
s ' r ) — so ■ r + s + r — 1 , s > 1, 

t) = m — t — 1, s > 3, so ■ r + 1 < t < so • r + s \ — 1. 

s • r + d + si) = (d + l)s - 1, < d < r - 1, 

t) — m — t — 1, s>2, so - r+si+r<£< so-r + s + r — 1, 

m - (d + l)s ) = s • r + si + d + 1, < d < r - 1. 

t) = ro-t-l + (-l) t + r + ii o + i! o< 1 i m-d-s -so+l<i<m-d-so-2, < d < r - 
m - d • s - 1) = d ■ s + , < d < r - 1. 



If s is even, / J = / 5 _ j mod 2 for < j < s - 1, P = / 6 for s < j < n - 1. 
If s is odd, P = fi for < j < s - 1, p = / g _^ mod 2 for s < i < n - 1. 



6,1 2,2 




Figure 3.3: Drawings D mj3 for 4 < m < 7 
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Figure 3.4: Drawings D m ^ for 6 < to < 11 



For < i < j < m — 1, let 



1 if/i(0>/iO') 
if/i(0</lO')- 



Then inv(Ji) = Y7=q E7=ii( im, M,j)- 
For 1 = 4,5, 6, 7, 8, let 

5i = {i \ < i < sq ■ r — 1} \J T d=1 {i \ m + 1 — d • sq < m — 1 — (d — l)do}- 
For I = 4, 5, 6, 7, let 

£2 = {i \ s ■ r + si < i < so ■ r + si + r - 1} \J d=1 {m — 1 — d ■ s + 1}, 
S3 = {i I sq • ?" < i < so ' r + s i — 1} U{* I sq • r + si + r < i < sq • r + s}. 



for I = 8, let 



£2 = {i \ sq ■ r + si + 1 < i < so ■ r + si + r} \J r d=1 {m — 1 — d ■ s + 1}, 
£3 = I so • r < i < sq ■ r + s{\ \ s ■ r + si + r + 1 < i < s ■ r + s}. 

For 1 = 4,5, 6, 7, 8 and k = 1, 2, 3, let 

F hk = Etes fe ( m - 1 - + *(m - 1 - /*(*)) - EtGS fc EjS+i(^Ai)- 

By Lemma 13. 11 we have 

Lemma 3.8. J//' = /,, tfien v Dm J&) = - (F M + F^ 2 + F />3 ). 

By the definition of fi and Fik, we have Lemmas I3.9ti3.li1 
Lemma 3.9. For 1 = 4,5, 6, 7, 8, 

4(2s§ - Sq) 1 " 3 _ 3((4m + 2)s 2 , - 2m • s + l)r 2 + (-3s 2 , + (12m 2 - 12m + 10)s - 6m 2 - 3)r 
F ^ = 6 ' 

Proof. For even sq, we have 

F,i= 2 Y:fjT (("> - 2t )( m - 2t + 1) + (at - l)(2t - 2)) 

SQ-2 

+ ES=l( 2 Et = l (("0 • d - 2t)(s • <* - 2* - 1) + (m - so ■ d + at - l)(m - s • d + 2t))) 
+ E5=l(("» - 1 + s - s • d) 2 + (s (d - l)) 2 ) 

B o r s o~ 2 
-(2£ t "3T( m - 2t ) + ES=l( 2 E t= i (2t - 1 + (so - l)(d - 1)) +ES=l(so - !)(<<- 1))) 

<l(2ag-ag)r- 3 -3((4 m + 2) a g-2(rn + 2) ao + l)r 2 + (-2 3 2 + (12m 2 -12 m +10) 30 ~6 m 2 -3)r 
— 6 

For odd sq, we have 

F l,l = E5=l(( m - 1 + so - s ■ d) 2 + (s (d - l)) 2 ) 
Ia -1 

+ ES=l(2E t =l ((m - so ■ d + 2t - l)(m - s • d + 2t - 2) + (s • d - 2i)(s ■ d - 2t + 1))) 

+ ES=l( 2 E t "f!~ ((so • d +2t - l)(s ■ d + at - 3) + (m- s ■ d - 2t)(m - s ■ d- 2t + 1))) 

»o-i 'o-i 

-(£5=i ( m - i + so - s • d) + ES=i(2E t= 2 i ("i -i + so - so • d- at)) + £5=i(2£ t= 2 i ((s - i)(d- i) -a + at))) 

4(2.3 _,2 )T ,3_ 3((4m + 2)a 2_ 2(m + 2)so + 1)T ,2 + ( _ 23 2 + (12rtl 2_ 12m + 10)ao _ 6Ttl 2_ 3)r 
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□ 



Lemma 3.10. 



F, 



1:2 



-(2sQ-l)r 2 + (-2s +2m 2 -4m+5)r 
2 

r 2 +(2m 2 -6m+3)r 
2 

(-4g +l)r 2 + (-4s +2m 2 -2m+7)r 
2 



i/i = 4,5,6 
j/Z = 7, 
i/i = 8. 



Proof. For Z = 4, 5, 6, we have 



F l.2 = Ed=l(( m - So • r - si - d)(s • d - 1) + (s ■ r + si + d - l)(m - s • d)) 

+ ES = i((so ' d — l)(so • r + si + d — 1) + (ro — s • d)(m — s ■ ) — si - d)) 

-(E5=l d(s - 1) + ES = l(s • d - 1)) 
-(23Q-l)r 2 +(-2 ao +2m 2 -4m + 5)r- 
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For / = 7, we have 



£d = l(( m - a ■ r - s ± - d)(s ■ d - 1) + (s ■ r + s 1 + d - l)(m - s • d)) 
+ ELitt'O ' d — 1 )( s ■ r+ Si + d) + (m — sq ■ d)(m - s • r - si — d — 1)) 

-(£S=i d < s ° ~ !) + £S=i( s o • d - i)) 



For / = 8, we have 

F S,2 = £S = l(( m - 1 _ s ' r - s l - d)(s ■ d - 1) + (so • r + Si + d)(m - s • d)) 

+ £5=1 (( s • d — l)(so • i" + si + d — 1) + (m - s ■ d)(m — s • r — si — d)) 

"(£5 = l( s " £5 = l( s ' d - 1)) 

(-4 ao + l)r 2 + (-4 BO +2 m 2 -2 m + 7)r 



Lemma 3.11. 



F i,3 = • 



12 3 g 31 r 2 +3(4 30 - 



-(4m- 30 -l) 31 )T-+4 3 f - 



\ + (6r7 l 2 -9m + 2)s 1 +3 



l-(-l) S 



3 

2 3 2 )r 2 +3(4 S0B 2 -(4(m + 4) a0 -l) ai + (8m+10) B0 + l)r 
3 

7i + 4)sj+(6m 2 + 15i7i + 32) ai - (6m 2 + 15ni) + 3 



l + (-l) s l 



s -l)si)r+4 a j- 



-2(sg + 2s + l)r 2 + ((2m - 3)s + 2(m - l))r 
6(2 a 2 ai + S 2 + ao )r 2 +3(4a -a 2 -(4( m -l)s -3)»i-(2r,i-l) SO - 



-6(7. 



-l)sj + (6m 2 - 157n + 5)si +37. 



°l+^)7- 2 +6(2 a0 . a 2 -2(77i-l) a0 - ai -(,7i-l) a0 )r+4 a f-6(77i-l) a 2 +(677i 2 -127n + 8) ai +3 m 2 -6m + 3 



si+«g)r' i +3(4s - 



-(4(7, 



-l) ao -l) a i-(2m-3) ao )r+4 a 3 -6(7,1- l) a j + (67. 



-157n+14) ai +37, 



□ 



if I = 4: and s > 2 is etien, 



if I ■■ 



and s > 2 is even, 
and s is even, 
and s — 1, 

and s > 3 is odd, 
and s is odd, 
and s is odd. 



Proof. We first consider the cases of even s. For I = 4 and even s\ > 2, we have 

-F4.3 = 4 E t = I ((m - s • r- 2t)(m- s • r- 24 + 1) + (s • r + 2* - l)(s ■ r + 2t - 2)) 
5 l 5 l 
-(2£t£l(*™ - so t- 2t) +2E 1 £ 1 ( S0 -1)7.-2 + 24)) 

12s 2 ai r 2 +3(4 ao a 2 -(47n ao -l) ai )r+4 a f-67n a 2 + (67n 2 -97,i + 2) a i 
— 3 

For I = 4 and odd s±, we have 

F 4-3 = 2((m - 1 - s ■ r) 2 + (s • r) 2 ) 
si-1 

+4E t= i ((m - 1 - s ■ r - 2t)(m - s ■ r - 2t) + (s ■ r + 2t)(s ■ r - 1 + 2t)) 

"1-1 "1-1 
-(m-l-»0-r+223 (m-l-so • r - 2t) + 2 E t "If ((so - l)r - 1 + 2t) + s r - r) 

12 a 2 a i.7- 2 +3(4 aoa 2 -(47n ao -l) ai )r+4 a f-67n a 2 + (67n 2 -9ni + 2) a i+3 



For / = 5 and even s\ > 2, we have 

F 5j3 = 2((m - 1 - s ' r) 2 + (s ■ r) 2 ) 
°1~ 2 

+ 4 E t = i ((m - 1 - s ■ r - 2t)(m - s ■ r - 2t) + (s ■ r + 2t)(s ■ r - 1 + 2t)) 
+ 2((m — s ■ r — si)(sq ■ r + si — 1) + (so ■ r + si — l)(m — sq ■ r — sl)) 

°1~ 2 »1~ 2 
-(m - 1 - s r+ 2 2,j (m - 1 - s ■ r - 2t) + 2(m - 1 - s • r - si - r) + 2J2 t Jl ( s - l)r - 1 + 2t) + (sO - l)r) 
12( a 2 a i-2 a 2 )r 2 +3(4 a0a 2 -(4(7n + 4) a0 -l) ai +(8,7i + 10) a0 + l)r+4 a f-6(ni + 4) a 2 + (6m 2 +1577i + 32) ai -(677i 2 + 1577i) + 3 
— 3 

For Z = 5 and odd s±, we have 

*5,3 = 4 E t= i (("» - s • 7- - 2t)(ro - s • r - 2t + 1) + (s • r + 2t - l)(s • r + 2t - 2)) 
+ 2((m — s ■ r — si)(so ■ T + si — 1) + (so ■ r + Si — l)(m — s ■ r — sl)) 

"1-1 -1-1 
-(2 E f = i (m - s r - 2t) + 2(m - 1 - s ■ r - si - r) + 2 £ t = i ((s - l)r - 2 + 2t)) 



For £ = 6, we have 

^6.3 = 2Ejii((m - s • r - t)(m - s • r - t) + (s • r + t - 1) + (s ■ r + t - 1) 
- £fil ( m - s or - *) + Ejli (so - l)r + * - 1) 

12 a 2 a i.7- 2 +3(4 a o a 2 ~(47^ a Q-l) ai )r+4 a j~67,i- a 2 +(67,i 2 -97 n + 5) a i 
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Now, we consider the cases of odd s. For I = 4 and even s± = (s = 1), we have 



i*4 3 — (m — 1 — sq ■ r — t)(sq ■ r 4- r) + (sO • r + r)(m — 1 — sq • r — 7") — so ' T 
= -2(s 2 + 2s + l)r 2 + ((2m - 3)s + 2(m - l))r. 



For I = 4 and even s± > 2, we have 

F4.3 = 2 E t = I ((w> - so ' - 2t)(m - s ■ r - 2t + 1) + (s • r + 2t - l)(s • r + 2t - 2)) 
+ (s ■ r + si)(s ■ r+ si — 1) -f (m — 1 — s ■ r — si)(m — s ■ r — si) 
+ (s ■ r + si — l)(s ■ r + si -f r) + (m — sq ■ r — si)(m — 1 — s ■ r — si — r) 

+2 E t If ((s • r + si - 2t)(s • r + si - 2t - 1) + (m - 1 - s • r - si + 2t)(m - s • r - si + 2t)) 
+C s o ■ »') 2 + (m — l — s ■ r) 2 

-( 2 E t "Ei( m - s • r - 2i) + (s - l)r + si - 1 + s ■ r + S1 - 1 + 2 E, ff ((=0 - l)r + 2t - 1) + (s - l)r) 
6(2 s g a i+ 3 § + 30 )r 2 +3(4 3 Q. 3 f-(4(m-l) ao -3) gl -(2 m -l) a o-,Ti-l)r+4 3 f -6(m-l) 3 2 +(6m 2 -15m+5).i+3m 2 -6m+3 



For £ = 4 and odd si, we have 

*4,3 = (m - 1 - s ■ r) 2 + (s ■ r) 2 
"1-1 

+ 2 E t= ? ((*»- 1 - so ■ r - 2t)(m - s ■ r - 2t) + (s ■ r + 2t)(s ■ r - 1 + 2t)) 
+ (s ■ r + si)(s ■ r -f si — 1) + (m — 1 — sq • r — si)(m — s ■ r — si) 

+ (s ■ r + si — l)(s ■ r + si + r) + (m — s Q ■ r — si)(m — 1 — s ■ r — si — r) 
■1-1 

+ 2 E t= l (( s ■ i- + si - 2t)(s • r + si - 2t - 1) + (m - 1 - s • r- sx + 2t)(m - s • r - si + 2t)) 

"l-i 'l-i 
-(m- 1 - s • r + 2E t= ? (ro - s • r - 2t) + (s - l)r + si - 1 + s • r + si - 1 + 2E t= ? ((so - l)r + 2t - 2)) 

6(2 s 2 S i+ 3 2 + ao )r 2 +3(4 3 o- 3 2 -(4(rn-l) ao -3) a i-(2 m -l) S Q-m-l)r+44-6(m-l) s 2 +(6n. 2 -15 m + 5) S i+3rri 2 -6 m + 3 
— 3 



For / = 7, we have 

F 7.3 = Etil(( m - s ■ r - t)(m - s ■ r - t) + (s ■ r + t - 1) + (s • r + t - 1) 

+ Etil~ 1 (( m ^ s ' r - t)(m - s ■ r - t) + (sq ■ r + i - 1) + (s ■ r + i - 1) 

-Efii(m - s r - t) + Eti| 1 (so - l)r + t - 1) 

6(2s 2 -si + 3g)r 2 +3(4so-s 2 ^(4(m-l)so-l) a i-(2 m -l) S Q + l)T-+44-6( m -l) a f + (6m 2 - 15m + 8) 3 i +3m 2 -6m + 3 
— 3 



For / = 8, we have 

F 8.3 = Et=t 1 (( m - SO • r- t)(m - s ■ r - i) + (s ■ r + t - 1) + (s ■ r + i - 1) 
+ E t = l(( m — s ' r — t)(m — sq ■ r — t) 4- (s ■ r -f £ — 1) 4- (s ■ r -f t — 1) 
" Ejit 1 (m - s r - t) + E'liCso - l)r + t - 1) 

6(2s 2 -si + a 2 )r 2 4-3(4so -s 2 -(4(m-l) S o-l) a i-(2m-3) a o)r4-4»f-6(m-l)sf + (6m 2 - 15m + 14) 3 1 +3m 2 -9m+6 



By Lemmas 13.8113. Ill we have 
Lemma 3.12. For m > odd n > 3, 



-l)(m-2)(3n 



-7m-n + 5 + (2m.7i + 4m + 13n + 8)(- 



,(m-l)(m-2)(3™-5)n+(ta 



-6m-Ti + 4Ti z + 24T7 



•*)L^J"-(8» 



-13re+3re(l-(-l) 



»L*?J 



-12 m + 15n)L^-J J 



)) L-^J+er, 



i/s = 1 



i/s ^ 1. 



Proof. For even s, we have 



v(.D m , n ) 

= nCGPKjP) - (^4,1+^4,2+^4,3) + GPXsP) ~ ( F 5,l + ^5 ,2 + ^5,3 )) + (n - 2s i ) ((J 1 ) (J,™ ) - (F 6 ,i + F 6 , 2 +F 6 , 3 )) 
(3^-m 2 ( m ^l) 2 ~8.(2 a |j~ a g)r 3 -6(8~-.g-»i-[4m-»-2n).g + 2(m^+^+4, 1 H-2). )r 2 

— 12 

2(24n. S o-s 2 -6(4(Tn-Ti + 4 3 i) S o-n) 3 i-2n-s 2 + (12T 1 -Tn 2 -12(n~4 a i) m + 4n + 60ai) 3 Q-12n-m + 12 re + 6ai)r 

12 

2(8n - 3 j~12(rr 1 n + 4 3 i) 3 2 +(12n r7i 2 -(18re-48 3 i )m + 10n + 4S 3 i) 3 i -(12m 2 +30m -6) 3 i ) 

12 

m(m — l)(m— 2)(3m— 5)n+(2n 3 -4re 2 -8n) L ^ J 3 - (6m- n 2 - 3n 3 -6m- re - 12m+ 15re) [ ™> J 2 

— 12^ 

(6m 2 re-6mre 2 + n 3 -6mm + 4n 2 + 24m-13n + 3n(l-(-l)" l ~" '-"J ) ) [ m j + 6m 2 - 6m 
^ 12 ~ ' 
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For s = 1, we have 



u(D m<n ) 

= (2^1 + - (*4,1 + ^4,2 + f4,3» + "~ 2 2 1-1 

3nm 2 (m-l) 2 -8n(2s 3 ) -s 2 | )r 3 -6(-(4m-.i-2n + 8)s 2 ,+2(- 



«™)(?) ~ (Fl,l + Fl.l + *7,3) + ("X") - ( F 8,l + *8,2 + ^8,3)) 
i- ra + ti-4)B -4)r- 2 



2(-2n 



5 + (12n 



-24m(n-l) + 16n-30)s - 12 m(»i-l) + 15(n-l))r+12m 2 (n — l) -30m(n — 1)+18(»1 



-l)(m-2)(3r> 



^ + 4m + 13T^ + 8)(- 



For odd s, we have 

= (2si + !)((")(") - (^4,1 + -F 4i2 + F 4 , 3 )) + 2 

(3 n m 2 ( m -l) 2 ~8Ti(2 S g- 3 2 )r 3 -6(8Tia 2 a 1 -(4^ 



iJ— i ((™)( 2 ") " (*Y,1 + *7,2 + *Y, 3 ) + (™)(™) " (*8,1 + *8,2 + ^8,3» 
-i + 2n + 16s]> 2 +2n(m+l) 30 )r 2 



2(24n- 3Q - 3 j-6(47i(m-l) 30 - 



-4 S1 -2)a 



1 + (1 2 " 



i-24mn + 16n 



-B)»0- 



■i(12n + 12s 1 +6) + 15n-lSs 1 -9)r 



2(8n 



i + 22n-24a 1 -12)s 1 4-6Ti 



i(15n-6s 1 -3) + 9n-6s 1 -3) 



»(m-l)(m-J)(8m-S)n+(3ri 



-12m+15n)L I ?J' : 



T+4n' : +24m-13T 1 + 3n(l-(-l) 



□ 



Lemma 3.13. For m > n = 3, v(D mn ) < 



n.m(m-l)(m-2)(3m-5) , 28m 3 -54m 2 +42m.+16 



12 



108 



Proof. By Lemma 13.121 for s = 1, we have 



rem(m-l)(m-2)(3m-5) + 2m 3 - 9m 2 +9m + 12m - 9- 7m - 3 + 5 + (6m + 4m + 39 + 8) ( 1 ) 2 

— 12 
n-m(m-l)(m-2)(3m-5) 28m 3 - 54m 2 +42m - 16 

12 ' 108 

< n-m(m-l)(m-2)(3m-5) , 28m 3 - 54m 2 +42m + 16 

— 12 ^ 108 

for s = 0, we have 

n-m(m-l)(m-2)(3m-5) (54-36- 24) ( g ) 3 - (54m- 81 - 18m- 12m + 45) ( !§■ ) 2 + ( 18m 2 - 54m + 27- 18m + 36+24m - 39) g + 6ti 

— i"2 i" 12 
_ ra -m(m-l)(m-2)(3m-5) 28 m 3 - 54m 2 + 1 8m 

— 12 "1" 108 

< n-m(m-l)(m-2)(3m-5) , 28m 3 - 54m 2 +42m+ 16 

— 12 ^ 108 

for s = 2, we have 



i(m-l)(m-2)(3m-5) (54- 36 -24) ( m ~ A ) 3 - (54m -81 - 18m- 12m + 45) ( m ~ z ) J + (18m 2 - 54m + 27 - 18m + 36 + 24m - 39) m ~" + 6m^-6i7 

12 ^ 12 

i.(m-l)(m-2)(3m-5) 28m 3 - 5 1 ,„ 2 +42m+ 16 

12 ^ 108 

□ 



Lemma 3.14. For m > odd n > 5, v(D m ^ n ) < ^ 

Proof. By Lemma 13.121 for s = 1, we have 



n-m(m-l)(m-2)(3m-5) . m 3 
r "4"- 





,») 

n-l)(n 


»-2)(3n 


1-5)4-21 


„ 3 -3r 


t. 2 - 


H- 


mm 2 + 4m 


re-re 2 -7m-n + 5+(2 


„. n +4m+13n+8)(ffi=i) 2 




n-l)(n 


l-2)(3« 


1-5)4-31 


„ 3 -3r 


i 2 - 


! + 


12 

»- 2 +4» 


7i-n 2 -7m-ra + 5 + (3 


1 .- n - m ( n -4) + 3x5 n -2( n -4))(^) 2 




n-l)(n 


l-2)(3n 


l-5)+3. 


„ 3 -3r 


i 2 - 


1- 


mm 2 + 4m 


12 

„_ Tl 2 _ 7rrl _„ + 5 + ( ?I - 


+ 3)(m-l) 2 




n-l)(n 


l-2)(3n 


l-5)+3. 


re 3 - m 


n< 




12 

„)-m 2 („ 


-l)- ra .„( m _4)-™ 2 - 


-12(m— 1) — n— 4 




n-l)(n 


l-2)(3n 


1-5) , 


m 3 






12 







12 



for s 7^ 1, we have 



ra -m(m-l)(m-2)(3m-5) , (2ti 3 - 4re 2 - 8n) [ ^ ] 3 - (6n 
12 + 
™.„2 . „3_ 



-6m-Tl — 12m+15n)L^J 



(6„ 



-i + 4^ J +24m-7ji)L^-J+6n 



12 



tt-m(m-l)(m-2)(3m-5) , ( 2 
12 + 
ffi, Tn 2 fi 2, 3_ 



3_ 



-3jt. 3 -6m-7i-12m+157i)(- 



+4ti^+24?ti-77i)- 



i(m-l)(m-2)(3m-5) , 2 71 
12 

m 3 -n + 4m 3 +9m 2 -n + 6m-Ti-g 



-13m-2.~ 1 ■ 



aO" ■a + 6m-s-4ra-s + 7s 



-15ti-s^+8s ,3 +47i 



i(m-l)(.-i)(3m-5) . 2 7. 



^ + 4tti-ti- 13m -2 5^+3?) 



n(T ■3 + 6m-s-4ra-s + 7a 



"»i ■ r,)-„i"(„-l)- 



-4m-s^— 15« 



n-m(m-l)(m-2)(3m-5) , 2ti 

12 "f 
*-m(m-l)(m-2)(3m-5) , 3n 



2 12« 2 3 
i + tti-ti' : + 4tti-ti-13tti-2s 3 +3n 



-8[,n-..)..--l, ■(,„-..).--) 



■ I Q^-a + 6m-a-4n-3 + 7a + m J + 6n 



-7m-2(n-l) 3 +3n-(Ti-l) 2 -n0' ! (ra-l) + 6TT 1 (r 1 -l)-4n(r 1 -l) + 7(Ti-l) 



ra -m(m-l)(m-2)(3m-5) , 3n 



-13m + 8n-5 



ra -m(m-l)(m-2)(3m-5) 3 7. 

12 T 
■m(m-l)(m-2)(3m-a) , „ 



n(m-rQ-2m-n.(m-5)-13n 



-2i.(n-4)-5 



□ 



By Lemmas I3.6| 13.71 13.131 and 13.141 we have 



Theorem 3.1. For n > 3, 



n-m(m-l)(m-2)(3m-5) 
12 



cr(K m x C n ) < < 



n-m(m— l)(m— 2)(3m— 5) . m(m— 1) 



12 



+ 



n-m(m-l)(m-2)(3m-5) . 28m 3 -54m 2 +42m+16 



12 



108 



n-m(m-l)(m-2)(3m-5) . m 3 



12 



+ 



/or m > 4 and even n > 
/or 4 < m < odd n, 
for m > n = 3, 
/or m > odd n > 5. 



4 Lower bounds of cr(K m x P 71 ) and cr(K m x C n ) 

We shall introduce the lower bound method proposed by Leighton Q]. Let Gi = 
(Vi,£i) and G2 = (^2,^2) be graphs. An embedding of Gi in G2 is a couple of mapping 
((/?, k) satisfying 

ip : V\ — > V2 is an injection 
k : E± {set of all paths in G2}, 
such that if uv € £1 then k(uv) is a path between tp(u) and For any e € -E2 define 

C0 e (¥>,«) = |{/G£i:e£ 



and 



C5(y>, re) = max{cg e (ip, re)}. 

eS-52 



The value 05(99, re) is called congestion. 
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Lemma 4.1. \\] Let (if, k) be an embedding of G\ in G2 with congestion cg((p,n). Let 
A(G2) denote the maximal degree of G<i- Then 



cr(Gi) \Vi 



2, 



cr(G 2 ) > - ^A^(G : 

cg z (ip,K) 2 

Let n be the complete bipartite multigraph of m + n vertices, in which every two 
vertices are joined by x parallel edges. 

According to De Klerk and Kainen [g ] , the following lemmas hold. 



Lemma 4.2. J# cr{K m , n ) > 0.8594[f J L^J LfJ 



Lemma 4.3. \Q] cr(K^ n ) = x 2 cr(K m ^ n ). 

Now we are in a position to show the lower bound of cr(K m ^ m — 111X2) and cr(K mt 2m — 
mKi t 2. 

Theorem 4.1. cr(K mim -mK 2 ) > 0.8594 ^2 ^ ja _ m(m _ 1)2 

y ' m—l> 

Proof. By Lemmas 14. 1H4.31 we only need to construct an embedding (<p, k) of K^m 1 ^™ 1 ' 2 ^ 
into K m ^ m — 171K2 with congestion cg((p, k) = (m — 2)(m + 2). 

Let a k (3 k be the £>th (m — 1, 2)-arrangement, where oq, /3% £ {0, 1, 2, • • • , m — 1} — {i} 
and a\ / j3 k . Let 

F(^ 1)(m_2) ) = {ui,Vi I < i < m- 1}, 

^i m m 1)(m " 2) ) = {(n i ,^) fe I < i, j < m - 1, 1 < k < (m - l)(m - 2)}, 

y(K mjm - mK 2 ) = {ai, bi | < i < m - 1}, 

E(K m>m - mK 2 ) = {(ai, bj) | < i ^ j < m - 1}. 

Let <f(ui) = a iy <p(vi) = bi, K((ui,Vi) k ) = P a% b ^ a , 6 . for < i < m - 1, and K((ui,Vj) k ) = 
(ai,bj) for < i 7^ j < m — 1. Then cg e ((p,K) = (m — 2)(m + 2) for every e € 
E^l^m 1 ^ 171 2 ^)- This completes the proof of Theorem [4TT1 □ 

Theorem 4.2. cr{K mfim - mK h2 ) > .°- 85 3 94 , 2 m(m - 1) LfJ L^J - 6m(m - l) 2 . 

Proof By Lemmas 14. 1H4.31 we only need to construct an embedding (ip, k) of Li^ 2 ^ m 2 ^ 
into K mt 2m — mKi,2 with congestion cg(c/?, k) = (m — 2)(m + 2). 
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Let a k j3 k be the fc-th [m — 1, 2)-arrangement, where a k ,/3 k £ {0, 1, 2, • • • , m — 1} — {i} 
and a£ 7^ Let 



17 V-^m^m 



ci/'ix-(»n-l)(»n-2) 



= {ui,Vi, Wi I < i < m — 1}, 

= {(ui,-Uj) fc , (ui,wj) k I < i, j < m — 1, 1 < k < (m — l)(m - 2)}, 
V(K m ^ m ~ mKi )2 ) = {ai,bi, a I < i < m - 1}, 
E(K m ^ m ~ mK 1)2 ) = {(di, bj), (a,, Cj) | < i / j < m - 1}. 



Let (f(Ui) = di, (f(Vi) = bi, f(Wi) = Ci, K,((Ui,Vi) k ) = P ai b ak a k b t , K((Ui,Wi) k ) 



aiC ak a 0k Ci 



~ P ai h ,n K,((lli,Wi) k ) = P, 

for < i < m — 1, and n((ui,Vj) k ) = (aj, bj), K((ui,Wj) k ) = (a^, Cj) for 0<i^j<m — 1. 
Then cg e ((p, k) = (m — 2)(m + 2) for every e € E(K^ l 2 m^ m 2 ^). This completes the proof 
of Theorem H2J □ 



Let Dp (Dc) be an arbitrary drawing of K m x P n (K m x C n ). By Lemma we 
have u{D P ) > E"=o^(^) K^c) > E"=o^o(^))- Since (tf m x P n )[&] (K rn x 
C n )[^] * K m , m - mK 2 and (K m x P n )[S? U (tf m x C n )[£? U K m>2m - 

mK\p, where G[X] denotes the subgraph of G induced by X C E(G), by Theorems 14.11 
and 14,21 we have 



Theorem 4.3. 



cr(K m x P n ) > < 



Theorem 4.4. 



cr(K m x C n ) > < 



^(^^rn(m - 1) Lf J L^J " 6m(m - l) 2 ) 

+((iSg F LfJ 2 L^ 1 J 2 --(--i) 2 ) 



for even n 



^( .°-^. 2 m(m - 1) [f J - 6m(m - l) 2 ) /or odd n. 



^( (TTgrp m ( m " !) Lf J P^J - 6m(m - l) 2 ) 

+(( T Jg F LfJ 2 L^J 2 --(--i) 2 ) 



for odd n 



n ( 0.8 594 



I 2i 0T^) 



m(m — 1) [f J LfF"J ~~ 6m(m — l) 2 ) /or even n. 
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